The observation of gravitational wave signals from binary black hole and binary neutron star mergers has established the field of gravitational wave astronomy. It is expected that future networks of gravitational wave detectors will possess great potential in probing various aspects of astronomy. An important consideration for successive improvement of current detectors or establishment on new sites is knowledge of the minimum number of detectors required to perform precision astronomy. We attempt to answer this question by assessing the ability of future detector networks to detect and localize binary neutron stars mergers on the sky. Good localization ability is crucial for many of the scientific goals of gravitational wave astronomy, such as electromagnetic follow-up, measuring the properties of compact binaries throughout cosmic history, and cosmology. We find that although two detectors at improved sensitivity are sufficient to get a substantial increase in the number of observed signals, at least three detectors of comparable sensitivity are required to localize majority of the signals, typically to within around 10 deg 2 -adequate for follow-up with most wide field of view optical telescopes.
I. INTRODUCTION
One hundred years after gravitational waves were predicted [1] , the first detection of a binary black hole (BBH) coalescence by the advanced LIGO detectors [2] heralded the beginning of the era of gravitational wave (GW) astronomy. Less than two years later, and with the advanced Virgo detector also in operation, the detection of GWs from a binary neutron star (BNS) merger marked another landmark event [3] . Over the coming years, the sensitivity of the advanced LIGO and Virgo instruments will improve, and the KAGRA and LIGO India detectors will join the global network [4] [5] [6] [7] [8] . This network of advanced gravitational wave detectors is expected to observe many more BBH and BNS mergers, as well as GWs emitted during the merger of neutron star-black hole (NSBH) binaries [9, 10] . Additionally, GWs emitted by nonsymmetric neutron stars, core-collapse supernovae, and other astrophysical transient events may be observed [11, 12] .
The observation of electromagnetic (EM) counterparts to GWs is a major goal for astronomy and will be critical for extracting the maximum science from future events. Despite the expectation that stellar mass BBH mergers do not produce electromagnetic signals, there was broadband follow-up of GW150914 [13] . This demonstrated the willingness of the wider astronomical community to engage in multimessenger observation of GW sources. In contrast to BBHs, compact binary systems composed of at least one neutron star have plausible EM counterparts across gamma, x-ray, optical, infrared, and radio bandwidths (for possible counterparts see [14] [15] [16] [17] [18] [19] [20] [21] [22] ). Indeed, the follow-up campaign for the BNS merger GW170817 was phenomenally successful, measuring counterparts across the EM spectrum . This multimessenger data provided convincing answers to many outstanding questions. For instance, the detection of a short gamma ray burst (GRB) 1.7 seconds after GW170817 [24] [25] [26] , and subsequent kilonova [27] [28] [29] [30] [31] [36] [37] [38] [39] [40] [41] [42] [43] [44] , confirmed that BNS mergers are a progenitor of these events. Lanthanide signatures in the kilonova light curves also showed BNS mergers to be a major site for nucleosynthesis of elements heavier than iron [40, 44, 47, 48] . Furthermore the measurements of the EM redshift and, from the GW signal, the luminosity distance, allowed an independent estimate of the Hubble constant to be made [49] , thus demonstrating a thirty year old prediction [50] . Crucial to these scientific results was the localization provided by the LIGO and Virgo interferometers.
Our ability to measure counterparts, and statistically identify host galaxies when no counterparts are present, depends on the GW localization. Unlike most EM telescopes, GW detectors are not pointing instruments, and localization is achieved primarily by measuring the differences in arrival times of the signal in different detectors [51] . Consequently, searching the relatively large GW localization regions (Oð100-1000 deg 2 Þ for the first detections [11, 52, 53] ) represents a challenge for even wide field of view UV, optical and infrared telescopes. These telescopes have fields of view on the order of 10 deg 2 or less [54] [55] [56] . The addition of Virgo has improved the localization ability of the network by about an order magnitude [3, 57] . Extra detectors in India and Japan will further reduce localization regions, allowing many signals to be localized to within tens of square degrees [6, [58] [59] [60] .
There are plans for future gravitational wave detectors that will be significantly more sensitive than the current generation of advanced detectors. These include upgrades to the existing detectors, such as Aþ and LIGO Voyager [61] , which gives the best possible sensitivity within the current LIGO infrastructure. Additionally, entirely new detectors have been proposed. The Einstein Telescope is a next-generation European gravitational wave observatory [62] [63] [64] , and Cosmic Explorer [65] is a proposed US-based future detector, both of which improve on the advanced detector sensitivity by a factor of 10 or more. As well as revealing new sources of gravitational waves, these detectors will allow us to observe BBH mergers throughout most of the history of the Universe [66] and BNS to cosmological distances [67] [68] [69] [70] . Furthermore, the nearby signals will be very loud in these detectors, allowing for unprecedented tests of Einstein's general relativity and observation of matter at supranuclear density inside neutron stars. As with the advanced detector network, joint GW-EM observations will be vital in fully extracting the science from these observations [15, 19, 71, 72] .
The science case for these new facilities is still evolving and will continue to do so as further gravitational wave observations are made. Estimates of the accuracy with which networks of third and second generation detectors can reconstruct parameters will inform decisions over the viability of new facilities. There have been previous studies of ET that estimate the detection efficiency and the accuracy of mass measurements [68] [69] [70] 73] . Estimates of the localization ability of various third generation networks were also considered as part of a comprehensive parameter estimation study [66] , and in analytical studies focusing on the low frequency benefits of 3G detectors [74] and the implications for cosmology [75] . Furthermore, detailed studies of the optimal location of future detectors have been performed [76] [77] [78] .
One practical consideration is whether it would be advantageous to accelerate the development of third generation detectors, perhaps at the expense of further upgrades to the second generation, or if the operation of a heterogeneous network of detectors is preferable. To date, there is rather little in the literature on the merits of such networks. Here we investigate the differences between homogeneous and heterogeneous networks of detectors. For concreteness, we focus primarily on the sky coverage of the networks and the accuracy with which they are able to localize sources. We consider the network localization accuracy for both face-on BNS systems at a fixed distance as well as a population of BNS distributed isotropically and with a redshift distribution that follows the star formation rate shifted to account for the delay between star formation and binary merger.
Previous estimates of network localization errors largely fall into two distinct categories: the first being analytical estimates that bypass the full task of parameter estimation and reduce the parameter space by focusing primarily on source localization [51, 58, 77, [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] ; the second being full parameter estimation studies that extract detailed parameter estimates using Bayesian statistics [59, [89] [90] [91] [92] [93] [94] [95] [96] . Performing the full analysis has the advantage of being more accurate, but due to the computational cost the number of sources that can be considered is typically small. On the other hand, analytical studies using only the timing information [51, 85] have been shown to overestimate the localization error region [97] . Here, we make use of an improved, analytical method that incorporates amplitude and phase consistency between the sites, as well as timing [98] .
This paper is organized as follows. Section II will describe the networks used in this study. Section III introduces the method for calculating the localization error regions. We present and analyse our main results in Sec. IV before concluding in Sec. V.
II. FUTURE DETECTORS AND NETWORKS
A. Future detectors GW detector sensitivity is limited by a number of fundamental noise sources. These noise sources can be broadly separated into two categories: displacement noise and sensing noise. Displacement noises cause motions of the test masses. Noise sources such as seismic noise and mechanical resonances are in this category. Sensing noises, on the other hand, are phenomena that limit the ability to measure those motions; they are present even in the absence of test mass motion. Shot noise and thermal noise are included in this category. In addition, there are technical noise sources which must be understood and mitigated in order that the detector sensitivity is limited by fundamental noise. Typically, low frequency sensitivity is limited by seismic noise, mid frequencies are limited by thermal noise and higher frequencies are limited by quantum noise. LIGO underwent a series of upgrades from its initial to advanced configuration to address each of the noise sources [99] . Seismic noise is being suppressed by the use of multistage mechanical seismic isolation and quadruple pendulum suspension systems. Thermal noise arises in test masses and suspensions and is determined by material properties and beam size. Compared to initial LIGO, advanced LIGO uses a larger beam size. This results in better averaging of beam on a larger surface area which combined with better coating and suspension material results in efficient dissipation of heat. Quantum noise arises due to statistical fluctuations in the detected photon arrival rate. Quantum noise is overcome by increasing the beam power and increasing the weight of the test masses to overcome the increased radiation pressure.
Many technologies have been proposed to further increase the sensitivity of ground based detectors. For example, building detectors underground to suppress gravity gradients [62] , improving mirror coatings (Sec. 5.9.3 in [100] ) and cryogenically cooling the mirrors for reducing the thermal noise, and using squeezed light for lowering the noise floor due to quantum noise [101] . A detailed discussion on possible technology improvements is given in [100] . In the following, we briefly introduce several proposed future detector configurations and their corresponding sensitivities (see Fig. 1 ). These are used in the following sections when comparing the performance of different networks.
LIGO Voyager: Various upgrades have been proposed for the advanced LIGO detectors [61] leading to the proposal for an upgrade to Aþ in 2020 followed by a further upgrade to LIGO Voyager which is envisioned to be operational around 2025. Voyager improves on the sensitivity of advanced LIGO by around a factor of 3 across a broad frequency range. The increased sensitivity is intended to be achieved by improvements in all the departments (seismic isolation system, coatings of mirrors, heavier and larger test masses, increased beam power, etc.) of the advanced LIGO infrastructure combined with frequency dependent squeezing and cryogenic cooling of mirrors [102] [103] [104] .
Einstein Telescope: Various studies have shown that further increase in sensitivity is required for performing precise gravitational wave astronomy, testing of general relativity and improving our understanding of exotic phenomenon like the equation of state and tidal deformability of neutron stars [14, 67, [105] [106] [107] . The Einstein Telescope is a proposed next-generation European gravitational wave observatory [62] [63] [64] with sensitivity an order of magnitude higher than advanced LIGO and extending down to 1 Hz. It intends to achieve this improvement through a combination of longer arms and improved technologies. The original design called for a triangular configuration of three interferometers with 10 km arms and 60°angle between the arms. In addition, the proposed xylophone configuration allows installation of separate high and low-frequency detectors. High frequency sensitivity is most easily achieved with high laser power, but this generates significant complications at lower frequencies. The divided detector avoids this issue by allowing us to pursue different strategies in optimizing the noise for each frequency range. Additionally, it also reduces the length of tunnel required (as each tunnel is used by two of the interferometers) and also makes the detector sensitive to both gravitational wave polarizations [100] .
Cosmic Explorer: There is also a proposal for a Cosmic Explorer detector [61, 65] , which would be around a factor of 3 more sensitive than ET. The design and technology used is similar to ET but with arm length that can stretch out to between 40 to 50 km. Although the possibility of these detectors only lies in the far future, it is noteworthy that these detectors would see GW150914 like BBH mergers throughout the visible Universe.
In Fig. 1 we show the sensitivities of the proposed future detectors [65] , as well as the advanced LIGO design sensitivity. We show the ET xylophone configuration, called ET-D. Also included for comparison is ET-B, which is an alternative ET configuration where every interferometer is optimized for best overall sensitivity, but at the expense of some low frequency sensitivity. For all ET simulations in this study, ET-D sensitivity is assumed.
B. Networks
We will consider five networks of gravitational wave observatories beyond the advanced detectors that are currently being built, commissioned and operated. Specifically, we consider: to facilitate comparison with the heterogeneous Voyager-ET network. It can be shown that the triangular ET detector has the same sensitivity to the two gravitational-wave polarizations as two colocated L-shaped detectors of length 10.6 km whose orientations differ by 45° [62] . 1 For simplicity, we use a network of L-shaped ET detectors with three detectors each of comparable sensitivity to one of the two effective L-shaped detectors in the triangular ET. However, the freedom to orient and place the detectors far apart results in a network typically with improved localization and diminished ability to resolve both polarizations. We also consider a comparable network comprised of Cosmic Explorer detectors as well as a heterogeneous CE-ET network. Both the Voyager-ET and CE-ET networks exhibit substantial heterogeneity of sensitivities with a factor of 3 difference over a broad frequency range. The majority of previous studies, have assumed that the detectors in the network have identical sensitivity [51, 58, 76, 85] .
The locations of future gravitational wave detectors have not yet been finalized. In this study we make use of the detector locations derived in [76] to optimize the location of future detectors. There, a three part figure of merit is used to determine the optimal location of detectors in a network, comprising equal parts: 1) how equally the network can determine both polarizations, 2) a simple measure of localization ability based on the area of the triangle formed by the detectors and 3) how accurately the chirp mass can be measured. The locations and orientations of all detectors are reported in the Appendix.
For the LIGO Voyager network, the location of the Hanford and Livingston detectors is fixed. Their orientations were chosen so that they were, as much as possible, sensitive to the same gravitational wave polarization, thus improving the chances of coincident detection [77] . The location of the LIGO India detector has not been announced at this time, so we use the optimal location from [76] , which places it in a seismically quiet location. The triangular ET detector is added to this network to form the Voyager-ET network. In [76] , it was shown that a location in Slovakia gave maximum flexibility when constructing a global network, so we choose this. Since ET is equally sensitive to both gravitational wave polarizations, the orientation of the detectors does not affect the results. It should be noted that the precise location in Europe of the triangular ET does not have a significant impact on results.
For the 3ET and CE networks, we are free to optimally site all three of the new detectors. In [76] , with the additional requirements that the detectors lie on the land and avoid areas with a high degree of human activity, the authors arrived at two comparable networks for three triangular ET detectors. The best configurations had detectors in either Australia, Central Africa and the USA or in Australia, Europe and South America. Although the optimization was performed for triangular ET detectors, we use the first set of locations for both the 3ET and CE networks. We then optimize the orientation of the detectors based on part 1 of the figure of merit-sensitivity to both gravitational wave polarizations-as parts 2 and 3 will be largely insensitive to the orientation (this is described further in the Appendix). Finally, for the CE-ET network, we retain the two CE detectors in the USA and Australia and augment the network with a triangular ET detector in Europe.
This by no means covers the full set of proposed future detectors and networks, but is sufficient to allow us to explore the impact of a heterogeneous set of detector sensitivities and compare this to networks where all detectors have the same, or similar, sensitivity.
C. Network sensitivity
The response of a detector to the two polarizations of a gravitational wave is given by F þ and F × , which are functions of the sky location and polarization of the wave [109] . By writing the response time independently, we assume the strain is constant during the light round-trip time in the interferometer arms. For Voyager this is generally a good approximation. However for CE, and to a lesser extent ET, where the round-trips are respectively 20 and 5 times longer, the response pattern of a detector can differ in both amplitude and phase significantly from the static case for GW frequencies ≳2 kHz [110] . Nonetheless, for compact binary coalescences (CBCs) the vast majority of the signal-to-noise ratio (SNR) is accumulated at frequencies ≲2 kHz, and the static response is a good indication of sensitivity to these sources. We also do not account for the motion of the Earth. The loudest BNS signals could last hours to days in the detector bandwidth, introducing a time dependence in the detector response. This can be used to improve the localization, particularly when the network is operating with just one, or two, detectors and baseline triangulation is not possible [74, 75] . However for the majority of signals this effect will be small.
For networks of equally sensitive detectors, the network response at a given sky point is given by [76, 83] . However, when dealing with heterogeneous networks, we must generalize the expression to take account of the detector sensitivity. To do so, we introduce a sensitivity measure σ h;i defined as [111] 2 1 This does, however, lead to an increase in 40% in the length of tunnels required. In the case where the cost of constructing the tunnels is dominant, one could instead construct two 7.5 km interferometers within the same tunnel, making use of each tunnel twice as is done in the triangular ET design. In this scenario the tunnel length of the two L-shaped detectors is equal to the triangular configuration [108] . 2 This quantity is typically often denoted σ. To avoid confusion with the signal bandwidth, σ f , introduced in the next section, we have introduced the subscript h here.
whereh o ðfÞ is the gravitational wave strain from a fiducial system placed overhead the detector at a fixed distance and face-on, and S i ðfÞ is the power spectral density (PSD) of the detector noise. Then σ h;i gives the expected SNR for such a signal in detector i. For our study, we takeh o ðfÞ to be the signal from a face-on binary neutron star system at 1 Mpc from the detector. Then, we weight the response of each detector by the sensitivity, defining [112] 
The relative sensitivity of the network at a given sky point is then defined as the network response,
where the indices i, j run over the detectors. Using this definition, the maximum network response is unity, and this will only be achieved when all detectors are aligned to be maximally sensitive to the same sky position. This extends the definition of [83] to a heterogeneous network and is closely related to the network sensitivity to generic transients introduced in [82] . We are also interested in the relative sensitivity to the two gravitational wave polarizations. To define this unambiguously, we must identify a preferred choice of the þ and × polarizations or, equivalently, a choice of a polarization angle. We define the dominant polarization frame [112, 113] , which gives the maximum sensitivity to the þ polarization. To do so, we introduce
The dominant polarization frame, for a given sky location, is the unique frame such that: [113] and will vary from one-equal sensitivity to both polarizations-to zerosensitivity to a single polarization.
In Fig. 2 , we plot the network response and alignment factor as a function of sky location for the five networks under consideration. The Voyager network has the best sensitivity above and below the location of the two US LIGO detectors, as expected. It has limited sensitivity to the second polarization over large parts of the sky, including the locations with best network sensitivity. In the Voyager-ET network, the ET detector dominates the sensitivity so, as expected, we see the best sensitivity above and below the ET detector. The triangular ET is equally sensitive to both polarizations, and so the Voyager-ET network has good sensitivity to the second polarization over the majority of the sky. Even in regions where ET has poor sensitivity, the second polarization is reasonably well measured by a combination of ET and the three LIGO Voyager detectors.
The 3ET and 3CE networks are comprised of detectors in identical locations, so the relative sensitivity over the sky will be identical for these networks. These networks have good coverage over much of the sky, but the peak sensitivity is noticeably lower than the other networksit is only 75% of the maximum possible if all detectors were aligned, in comparison to over 90% for the other networks. This is to be expected, as the location of the detectors has been chosen to maximize sky coverage; three colocated detectors would provide the greatest peak sensitivity but much worse sky coverage. The homogeneous 3ET and 3CE networks have markedly better sensitivity to the second polarization than the Voyager network. This arises because the detector orientations were optimized to give good sensitivity to the second polarization, whereas the LIGO Hanford and Livingston detectors were deliberately aligned to be sensitive to the same polarization. Finally, the heterogeneous CE-ET network shows best sensitivity over the North Atlantic and Australia, which is expected given the detectors are located in the US, Europe and Australia. It has relatively poor sensitivity to the second polarization over the sky. However, in contrast to the Voyager network, CE-ET has good sensitivity to both polarizations in areas of good overall sensitivity.
The sky coverage [83] of a network is defined as the fraction of the sky for which the response is greater than 1= ffiffi ffi 2 p of the maximum. The sky coverage of the homogeneous ET and CE networks is 79%. Even though the LIGO Voyager network also has three equal sensitivity detectors, the similar orientations of the LIGO Hanford and Livingston detectors lead to a sky coverage of 42%. For the heterogeneous CE-ET and Voyager-ET networks, the sky coverage is 44% and 37% respectively. This confirms what the plots suggest and indicates that the 3ET and 3CE networks have the most uniform response across the sky.
III. SOURCE LOCALIZATION
To investigate the ability of different networks to localize sources, we use the formalism introduced in Refs. [51, 85] and references therein. In those papers, it was shown that localization is primarily determined by the timing accuracy, σ t in each detector which, in turn, is inversely proportional to the signal strength and frequency bandwidth σ f of the signal in the detector. Specifically, given a signal hðtÞ, the effective bandwidth is defined as
where the SNR, ρ, in the absence of noise, is given by
The timing accuracy for a signal with SNR ρ is then given by
Thus, σ t scales inversely with the SNR of the GW, ρ, and the effective bandwidth, σ f , of the signal in the detector. Using these expressions, it is possible to calculate the reduction in network SNR due to errors in sky location and derive, at leading order, a relatively simple expression for the localization area. The probability distribution for the location of the source (from a sky location R) is given by
where r is the reconstructed position of the source, pðrÞ is the prior distribution (taken as uniform on the sphere), and the matrix M describes the localization accuracy and is given by
and D i gives the location of the ith detector. Thus, the localization is improved by having greater separation between the detectors and good timing accuracy, i.e., high SNR and large bandwidth of the signal in the detectors. Localization can be improved by accounting for the relative amplitude and phase of the signal observed in each detector. These are necessarily constrained in a network of three or more detectors by the fact that a gravitational wave has only two polarizations. When taken into account, this leads to a more rapid falloff in the network SNR away from the correct sky location which, in turn, leads to an improvement in localization. This has been discussed in detail in [98] , and a similar analysis was presented in [84] . The resulting probability distribution for the localization has the same form as Eq. (8) with a modified expression for the matrix M, which nonetheless remains quadratic in the detector separations
Based on timing information alone, a source observed in three detectors can be localized to two regions in the sky. The two locations lie above and below the plane formed by the three detectors. When we require the signal to be consistent with two gravitational wave polarizations, this places restrictions on the relative amplitudes and phase differences between the detectors. In many cases, this information can be used to exclude the mirror location and restrict the source to a single sky position. Of course, with four or more sites, timing information alone can be used to localize a source to a single sky location.
In the following studies, we generate a population of events and determine which events would be detected by a given network and how accurately they would be localized. In all instances, we use the above formalism and ignore the effects of noise which would change the recovered SNR and offset the optimal sky location from the expected values. We require that signals would be confidently detected by the detector network. Specifically, we require a network SNR of at least 12 as well as an SNR above 5 in at least two detectors in the network. 3 Furthermore, since the localization methods described above are accurate only to leading order, our localization results are based only upon detectors for which the signal has an SNR greater than 4. As discussed in [51] , at lower SNRs the approximations used here break down. Due to these approximations, and our neglect of the changing detector response within a localization region, one should not expect exact agreement between our results and those obtained using existing codes (such as [86] ). Detailed comparisons between our method and existing codes are planned in the future, see [98] for details.
The thresholds used mimic those used in the analysis of GW data [115] to obtain events with a false alarm rate of less than 1 per century [85, 86] and are the same as used in previous studies [51, 85] . In addition, they seem appropriate based on the initial gravitational wave observations, where GW150914 and GW151226 both satisfied these requirements while LVT151012 had a network SNR of 10 and was not unambiguously identified as a signal [9] . As GW observations become more common, and searches are further improved [116] , it is possible that the detection thresholds will be reduced. While this will change the details of the results presented below, the relative performance of the networks will remain similar.
IV. RESULTS

A. Face on binary neutron star mergers
We first investigate the ability of the networks to localize a given source at a fixed distance, as a function of the sky location of a source. We simulate 1.4−1.4 M ⊙ BNS systems that are oriented face on (i.e., with inclination, ι ¼ 0) at a fixed distance at each point along a two dimensional 16 by 16 grid of sky coordinates. We repeat the study for sources at redshifts of
At each sky location, we calculate the expected SNR in each of the detectors in the network. For any signal that meets the detection and localization criteria given above, we calculate the 90% localization region. Since the BNS systems are face on, the GWs are circularly polarized, i.e., both polarizations have the same amplitude. Thus it is the overall sensitivity, and not the relative sensitivity to the two polarizations that will affect the localization ellipses [58] . This small set of sources with fixed distance and inclination allows for simple comparison with previous studies, e.g., [6, 58] . Furthermore, for sources which are inclined at an angle ι ≲ 45 deg, the relative amplitude of the two GW polarizations renders them indistinguishable from face-on signals [98, 117] and, indeed, the GW signals seen to date, including GW170817, have all been consistent with face-on binaries [49] . Figure 3 shows the localization regions for these BNS sources in the five networks under consideration. In the figures, a red cross indicates that the detection criteria (network SNR > 12 and two detectors with SNR > 5) were not met for a BNS at this sky position and redshift; a blue plus indicates that the source would be detected but fails our localization criterion (SNR > 4 in three or more sites). For signals which would be confidently detected, and observed in at least three sites, the green ellipses show the 90% confidence region for the localization.
For BNS mergers at z ¼ 0.2, the LIGO Voyager network would observe the signal over the majority of the sky. There are, however, four patches where the signal would not be found, which correspond to areas of poor sensitivity for the two US LIGO detectors. Furthermore, there are regions where the signals would be detected but not localized, based on our conditions, and these correspond to locations where LIGO India has poor sensitivity. For those signals which are localized, the areas are typically large, as these events will be close to the detection threshold in the network. We can clearly identify a band for which the localizations are extended in one dimension. These points are close to the plane defined by the three detector locations. A large change in sky location, in a direction perpendicular to the plane of the detectors, leads to a relatively small change in the relative arrival times and consequently poor localization. These results are consistent with those obtained for the advanced LIGO network (incorporating LIGO India) given in [58] .
FIG. 3.
The localization ellipses at different sky locations for face-on 1.4-1.4 BNS binaries at a redshift of: left-z ¼ 0.2 (luminosity distance of 1 Gpc) and right-z ¼ 0.5 (luminosity distance of 3 Gpc). The red crosses indicate that the BNS at this sky position would not be detected-either due to a network SNR less than 12, or not having SNR > 5 in at least two detectors. The blue þ symbols indicated sources that would be detected, but not well localized due to being identified in only two detectors. The ellipses give the 90% localization regions for a source from a given sky location. Detector locations are shown with golden markers.
The Voyager-ET network is able to detect sources at z ¼ 0.2 over the essentially the whole sky. For localization, we require the signal to be observed at three sites; although all three of the detectors in the triangular ET will observe the signal, they provide rather poor localization by themselves. Thus, the network is limited by the requirement that two LIGO Voyager detectors observe the signal. The sky locations where sources are not localized correspond to the locations for which the US LIGO detectors have poor sensitivity, and these sources are only detected in ET and LIGO India. The 3ET network also gives excellent coverage over essentially the whole sky. There are still a handful of points for which localization is not possible. Again, these correspond to points where one of the detectors has close to zero sensitivity. As before, we see the characteristic extended ellipses at locations which lie close to the plane defined by the three ET detectors.
For signals at z ¼ 0.5 we consider the three networks comprised of ET and CE detectors. In all cases, the sources are observed over essentially the whole sky. For the 3ET network, there are significant regions where the source is not well localized as it is seen in only two detectors, but the size of these regions shrinks for the CE-ET and 3CE networks due to the increased sensitivity of the CE detector. Finally, as expected, the signals are relatively poorly localized in directions close to the plane defined by the three detectors.
For a two-site observation, the localization is typically restricted to a fraction of a ring in the sky with an area of hundreds of square degrees [2, 9] , and we consider these sources to not be localized. The degeneracy along the ring is broken by relative amplitude and phase measurements in the different detectors. For events observed with the triangular ET detector and a single L-shaped detector, the localization may be greatly improved-the triangular detector recovers the amplitude and phase of both GW polarizations so a single, additional observation will provide enough information to break the sky location degeneracy. Furthermore, when there are additional detectors in the network that did not observe the event, this information can be used to further improve the localization. We do not consider these effects here, but note that it would be interesting to examine in detail localization with a network comprised of one triangular and one L-shaped detector.
In these plots we are ignoring the fact that sources detected at three sites may be localized to two distinct patches in the sky, one above and one below the plane formed by the three sites. In many cases, the degeneracy can be broken based on consistency of the observed amplitude and phase of the signal in each of the detectors. For the systems at z ¼ 0.2, both the 3ET and Voyager-ET networks will provide localization to a single region for essentially all sky locations. Voyager localizes to one patch on the sky 70% of the time, and so about a third of the localization ellipses shown below will be augmented by a similar sized region in the mirror location. At z ¼ 0.5, the CE and ET networks all localize to a single patch for at least 95% of sky locations.
B. A population of coalescing BNSs
Now, let us consider network localization for a population of BNS coalescences. We follow Singer et al. [86] in choosing the BNS component masses uniformly in the astrophysically motivated range 1.2-1.6 M ⊙ . This encompasses the masses of all observed neutron stars in binaries and the 1-sigma interval of the initial mass function for a variety of formation mechanisms [118, 119] . The orientation of the sources is uniformly distributed: uniform in polarization, cosine of source inclination and the phase of the GW at merger. We distribute the sources isotropically and assume their redshift distribution to follow the star formation rate density (SFRD) shifted to account for the delay between star birth and BNS merger [120] , assuming standard cosmology [121] ,
where dV=dz is the differential comoving volume. The ð1 þ zÞ −1 factor accounts for the fact that a time interval Δt z in the rest-frame at z will be redshifted in the detector frame ð1 þ zÞΔt. The rest-frame merger rate density is given by
where ψðzðt f ÞÞ is proportional to the observed cosmic SFRD [Eq. (15) from [122] ], evaluated at the redshift the binary formed, and Pðt − t f Þ encodes the delay time distribution. We assume the earliest epoch of star formation t Ã to be at z f ¼ 20. The integral is normalized to give a local merger rate density of Ψ BNS ð0Þ ¼ 1500 Gpc −3 y −1 [3] . We assume a distribution of possible delay times between star formation and BNS merger Pðt D Þ ∝ 1=t D , and a minimum delay of t min D ¼ 0.2 Myr corresponding to the smallest time a star can supernova and form a BNS [123] . The choice of t min D has little effect on the overall distribution. The t −1 D distribution of delay times is motivated both by population synthesis studies [123] and observations of merger times for six neutron star binaries [124] (see [125] and references therein). Figure 4 shows the detection efficiency-the fraction of events that would be observed-for each network as a function of redshift or distance. For those BNS mergers which are detected by a given network, we calculate the 90% confidence sky localization using the prescription given in Sec. III. We also show the fraction of events that would be localized within 1, 10 and 100 deg 2 for each network as a function of redshift.
On the left-hand side of Fig. 4 , we consider the Voyager, Voyager-ET and 3ET networks. The Voyager-ET and 3ET networks have rather comparable sensitivities, both networks identify over 90% of sources within a redshift of z ¼ 0.2 and the majority of signals within a redshift of z ¼ 0.4. The LIGO Voyager network has good all sky sensitivity within a redshift of z ¼ 0.1, after which it drops rapidly with essentially no sensitivity beyond z ¼ 0.4. Since we require a source to be observed in three sites for good localization, it is unsurprising that the Voyager and 3ET networks are capable of localizing the majority of observed sources-in particular, essentially all sources are localized within 100 deg 2 and the majority within 10 deg 2 . For the heterogeneous Voyager-ET network, the fraction of sources localized is much lower than the fraction detected. For example, at z ¼ 0.4 over half of all sources are detected but only 10% are localized within 10 deg 2 . These are the events which are too distant to be observed by the LIGO Voyager detectors so, while they are observed by ET they cannot be localized. For all three networks, only a fraction of events will be localized to within 1 deg 2 , and those will be primarily nearby, loud events. For a 3ET network, half of the events at a redshift of z ¼ 0.15 with be localized to within 1 deg 2 .
The right panel of Fig. 4 shows the same results for the CE and ET based networks. The results are comparable to those described above: detection efficiency is limited by the second most sensitive detector in the network, while localization requires a third detector to observe the signal. In particular, we note that while the CE-ET and 3CE networks have similar overall detection efficiencies, the 3CE network provides much better localizations. For example, 3CE localizes 50% of sources at z ¼ 2 to 100 deg 2 while the CE-ET network is unable to give good localizations for signals at this redshift. We note that those signals which are localized in the heterogeneous CE-ET network are typically localized within 10 deg 2 as they will be recovered with high SNR in the Cosmic Explorer detectors. Finally, it is again only the loudest, nearby signals which are localized within 1 deg 2 . The CE-ET and 3CE networks localize half of signals within 1 deg 2 to a redshift of z ∼ 0.25. Figure 5 shows the expected number of observed events as a function of redshift for the five networks, and the overall results are summarized in Table I . In order to obtain these results, we have taken a population of sources assumed to follow the star formation rate. While the star formation rate is reasonably well constrained up to its peak at a redshift of one to two, observational evidence at higher redshifts, and for the distribution of delay times between binary formation and merger, is relatively scarce. Furthermore, we use an intrinsic merger rate of 1500 Gpc −3 y −1 , which lies within the current range of predicted rates [3] , and we use this fiducial rate when FIG. 4 . The detection and localization efficiency as a function of redshift and luminosity distance of the Voyager, Voyager-ET and 3ET networks (left column) and the 3ET, CE-ET and 3CE networks (right column). For visual comparison, 3ET is plotted as a solid line in both. Left column: Voyager-ET and Voyager are the dashed and dotted lines respectively. Right column: CE-ET and 3CE are the dashed and dotted lines respectively. From bottom to top, the rows show the fraction of events at a given redshift/distance that will be detected and localized within 100, 10 and 1 deg 2 .
comparing the network sensitivities. There is at least an order of magnitude uncertainty on the rate of BNS mergers. Overall changes to the merger rate will simply scale the number of observations for all networks equally but changes in the redshift evolution of the rate will affect relative performances. As expected, the number of events detected by the 3ET and Voyager-ET networks are comparable. The 3ET network is sensitive to 50% more BNS mergers than Voyager-ET, while the Voyager network observes less than a tenth as many mergers. However, due to the differences in localization, the Voyager-ET localizes only a quarter as many events as the 3ET network and, for events localized within 10 deg 2 the peak of the redshift distribution is at 0.2 rather than 0.4 (and within 1 deg 2 the peak is at 0.06 rather than 0.2). We see similar results for the CE-ET and 3CE networks: they are both able to detect a comparable number of events, but significantly fewer are localized by the heterogeneous network.
For the results presented above, we have assumed a 100% duty cycle for all detectors in the network. Here we consider how the results would change for a more realistic FIG. 5 . The number of BNS observations and localizations per year with future networks, as a function of redshift and luminosity distance. The y-axis is scaled so that the area under the curves gives the number of events per year. This assumes an isotropic redshift distribution that follows the star formation rate [122] shifted to account for the delay between star birth and BNS merger [120] and a distribution of possible delay times Pðt D Þ ∝ 1=t D , with a minimum delay of t min D ¼ 0.2 Myr [123] . The local merger rate density is taken as Ψ BNS ð0Þ ¼ 1500 Gpc −3 y −1 [3] . Note that the y-axis on 1 deg 2 plot is different from the others. For visual comparison 3ET is plotted as a solid line in both column. Left column: Voyager-ET and Voyager are the dashed and dotted lines respectively. Right column: CE-ET and 3CE are the dashed and dotted lines respectively. From bottom to top, the rows show the number density of events at a given redshift/ distance that will be detected and localized within 100, 10 and 1 deg 2 .
TABLE I. Performance metrics for Voyager, Voyager-ET, 3ET, CE-ET and 3CE networks for a population of BNS coalescences distributed uniformly in comoving volume with an intrinsic merger rate of 1500 Gpc −3 y −1 . From top to bottom: The number of sources per year that are detected and localized by each network; the number of sources localized per year within 1, 10 and 100 deg 2 respectively; the median localization area of all detected sources and the fraction of localized sources whose position is restricted to a single patch in the sky. Note, the median source is not localized by the two heterogeneous networks CE-ET and Voyager-ET.
Network
Voyager Voy-ET 3ET CE-ET 3CE observing scenario. Experience from previous observing runs tell us that at design sensitivity duty cycle for an individual detector is about 80%, although it is possible that this may be different for third-generation detectors. Thus, we assume an 80% duty cycle for all detectors in the network, with uncorrelated operating times between the detectors, with the exception of the triangular ET where we assume perfect correlation of up-time between the interferometers. For the three detector networks, this means that roughly half the time all three detectors will be operational.
For an additional 40% of the time, two detectors will be operating and they will, on average, be sensitive to half as many signals as the three detector network and, based on our criteria for localization, not localize any of them. With the four site Voyager-ET network, we will have all four detectors operating 40% of the time. There will then be 10% of the time when the three Voyager detectors are operating, and an additional 30% when ET plus two of the Voyager detectors are running. Localization with ET and two Voyagers will vary depending on which Voyager detector is off-line. For instance, a network of the triangular ET augmented by the two American Voyagers at Hanford and Livingston would localize 70% as many within 100 deg 2 as Voyager-ET but only provide 30% as many subsquare-degree localizations. This is due to the fact that the alignment of Hanford and Livingston maximises the chances of the network meeting the localization criteria, but coupled with the smaller baseline between these detectors, the alignment also limits the precision of the localization. On the other hand, when one of the American Voyager detectors is off-line, only about half of the number will be localized within 10 and 100 deg 2 as Voyager-ET, with 60% (40%) as many subsquare-degree localizations when the Livingston (Hanford) detector is off-line.
C. Implication for EM follow-up
The observation of broadband electromagnetic emission associated with GW170817 provided conclusive evidence that BNS mergers are a progenitor of short gamma ray bursts (GRB), and also power kilonova emissions . The primary motivation for accurate localization of future GW signals is to facilitate the observation of electromagnetic counterparts. The requirements on localization will depend upon the strength of the electromagnetic emission accompanying a BNS merger, as well as the ability of widefield telescopes to cover the error region. While short GRBs can be observed to cosmological distances, they are believed to be rather tightly beamed, so that only a small fraction of BNS mergers would be accompanied by a gamma ray burst (GRB) counterpart [126] . However, observations of GW170817 imply that the gamma ray burst (GRB) emission is structured [25] with a broader, weak emission, possibly powered by a cocoon [47, 127, 128] . Since the gamma ray burst (GRB) emission is likely to be essentially concurrent with the merger, it will be difficult to use GW observations to provide advanced warning to gamma ray burst (GRB) satellites. On the other hand, kilonova emission is expected to last for days or possibly weeks in the optical and near infrared bands [129, 130] . Furthermore while gamma ray burst (GRB) are beamed, kilonovae are relatively isotropic, and thus are the more likely counterpart to a typical BNS merger [18] . We therefore focus the rest of the discussion on kilonovae.
The neutron-rich ejecta from BNS and NSBH mergers will undergo r-process nucleosynthesis, producing heavy elements which will subsequently decay; this decay process will power an electromagnetic transient known as a kilonova (see e.g., [131] for details). There are various models for the kilonova emission, which depend upon the mass of the ejecta as well as its opacity [129, 130] . Broadly, the prediction is for an optical or near infrared emission, which will last for days or possibly weeks. The luminosity of the kilonova emission is uncertain, but we take a fiducial model with magnitude 22 emission from a source at 400 Mpc, equivalent to the kilonova emission from GW170817 [132] . To date, there has been one other putative nearinfrared kilonova observation from gamma ray burst (GRB) 130603B which was observed with a magnitude of 25.8 at redshift of z ≈ 0.35 (equivalently 22.5 at 400 Mpc) [133, 134] , which is broadly consistent with this picture.
Taking our fiducial kilonova model, the current generation of wide-field telescopes, such as DECam [29] , Pan-STARRS [39] and VISTA [40] , which have limiting magnitudes around 22 would be able to observe kilonova emission to z ≈ 0.1 or a luminosity distance of 400 Mpc. The results in Figs. 4 and 5 show that the Voyager network has good sensitivity within the range of the current generation of telescopes, and would identify and localize the majority of BNS mergers at z ≲ 0.1 to within 10 deg 2 . All of the other networks are able to detect, and localize within 10 deg 2 , essentially every event at z ≲ 0.1, thereby enabling follow-up with one, or a handful, of pointings.
For LSST [135] , with a limiting magnitude around 25-26, kilonovae could be observed to z ≈ 0.4 or 2 Gpc. At these distances, the sensitivity of the Voyager network is sufficient to identify only a minority, let alone provide accurate localizations. The Voyager-ET network would observe the majority of BNS within this range. However, the more distant signals would be observed only by the ET detector and consequently be poorly localized. Again using the fiducial kilonova model, around one third of BNS mergers producing a kilanova observable by LSST would be localized within 10 deg 2 . A 3ET network would identify a similar number of mergers,and localize twice as many LSST-observable kilonovae as the Voyager-ET network. The networks with CE detectors are complete with LSST's kilonova horizon, and localize the vast majority of sources to within 10 deg 2 .
Of course, the details of kilonova emission are still uncertain and there are models that predict significantly stronger or weaker emission. For example models, typically with a smaller ejecta mass, predict magnitude 22 emission at 200 Mpc [131] . In this case the Voyager network would be sufficient to detect and localize the majority of signals within the range of the current generation of telescopes. The Voyager-ET network would localize the majority of signals within the LSST range for these signals. Thus, the case for localization capacity of future GW networks remains intimately tied to our knowledge of the range of EM emission from these mergers.
As some of the strongest emissions are predicted from NSBH mergers, it is interesting to briefly consider them. While we have not performed simulations with NSBH systems, it is straightforward to provide approximate sensitivities based on the BNS results given above. The sensitivity of gravitational wave detectors scales, at leading order, as M 5=6 , where M is the chirp mass. Consequently, for a signal at a fixed distance, orientation and sky location, the SNR with which NSBH will be observed can be approximated as
where M BH is the black hole mass and M NS is the neutron star mass. Thus, the observed SNR for a NSBH with M BH ¼ 5 M ⊙ is 1.6 times that of a BNS, and 2.1 times for M BH ¼ 10 M ⊙ . Consequently, to a reasonable approximation, we can scale the distances in Fig. 4 by these factors to obtain NSBH sensitivities. A network's localization accuracy to NSBHs at a given distance will be improved relative to BNSs, due to higher SNR but will be reduced due to lower frequency bandwidth [as defined in Eq. (5)]. The effective bandwidth of a NSBH binary with a 5 M ⊙ (10 M ⊙ ) black hole is 10% (30%-40%) less than a BNS. Thus localization areas will be roughly a factor of 1.5 2 smaller for NSBH than BNS at a given distance. So, we can approximate NSBH localizations by rescaling the distances in Fig. 4 by a factor of 1.5.
For the most optimistic NSBH kilonova emissions, which predict magnitude 20 emission at 200 Mpc powered by fallback accretion [131] , a network with three ET or CE detectors would identify and localize most sources within the LSST range; Voyager augmented by ET would identify but not localize the more distant sources and Voyager alone would have a range comparable to existing wide-field telescopes.
V. DISCUSSION
We have compared the sensitivity of proposed future gravitational wave networks to BNS signals and their ability to accurately localize these events. We find that a minimum of two detectors, which includes the triangular ET, at an improved sensitivity are sufficient to provide a substantial increase in the number of observed sources. For example, the addition of ET to a network of LIGO-Voyager sensitivity detectors could increase the rate of observations by an order of magnitude. However, in order to obtain good source localization, we require a minimum of three sites to observe the event. Consequently, in networks with one or two detectors that are significantly more sensitive than the others, we find that the majority of detected sources are not well localized. In contrast, when the three most sensitive detectors in the network have comparably sensitivity, the majority of signals are well localized with a median localization area around 10 deg 2 .
Previously it has been argued that building more detectors further apart improves localization (see for example [82, 85] ). However, we find that this is only true when the sensitivities of the detectors in the network are approximately homogeneous, as is often assumed for the advanced detector (second generation) networks [51, 58, 85] . In the case of heterogeneous sensitivities, such as the Voyager-ET network, the localization will often be limited since the event cannot be detected by the less sensitive detectors. In such a network, we expect that for a majority of events we will obtain limited directional information.
The interpretation of our results depends critically upon the science question of interest. In particular, the utility of accurate GW localization as a function of redshift will depend upon the strength and spectrum of the associated EM emission, and the sensitivity and field of view of the associated telescopes and satellites. For a standard kilonova model, the LIGO Voyager network provides adequate sensitivity to identify and localize potential kilonova signals for currently operating telescopes but the network must be augmented by at least one ET or CE detector to provide adequate sensitivity to localize all kilonovae that could be observed by LSST. For the models predicting the strongest kilonova emission, a three detector network of ET or CE detectors could increase, by a factor of a few, the number of events observed jointly with GW signals.
In this study, we have neglected a number of factors that affect the size of localization errors in real detector networks. Though the time of arrival and amplitude and phase of GWs carry most of the information relevant to localization, other information can reduce the size of the localization errors. These include, realistic prior distributions on other astrophysical parameters-particularly source inclination and distance, correlations with other parameters such as component masses [97] , spin and precession effects. Furthermore, we continue to assume that a signal must be identified in two detectors to be detected, and three to be localized. Ideally, performing a fully coherent analysis of the data [114, 136] , would improve the performance of heterogeneous networks when the SNR in the less sensitive detectors is low and would, in effect, remove our requirement of a signal being clearly identified in at least two detectors. While it is possible to localize sources with only two detectors, the first GW observations make it clear that the localization areas will typically be hundreds of square degrees, so our approximation that these sources are not localized is reasonable. However, incorporation of nondetection (or weak detection) in additional detectors, as was done for GW170817 [3] , can lead to improved localizations.
We have neglected systematic uncertainties in the results presented here. Errors introduced by mismatches between template waveforms and signals [51] are expected to introduce a similar effect in all detectors, and therefore the effect on the time difference, and localization, is likely to be negligible. On the other hand, errors in the calibration of GW detectors [137] will be uncorrelated, and these errors can significantly impact localization. For instance, roughly one third of the localization error budget for GW150914 was due to strain calibration uncertainty [9, 137] . At high SNR, calibration errors are expected to dominate the overall error budget for localization [51] . Thus, the ability to achieve the reported subsquare-degree localizations predicted here will depend critically on the calibration accuracy of the detectors, with likely requirements of uncertainties under 1% in amplitude and 1°in phase. The impact of calibration on gravitational wave localization with future networks deserves further study.
Finally, in this paper we have restricted attention to localization of BNS signals. For many science questions, accurate localization itself is not critical but is required for accurate measurement of the distance to the source. The gravitational wave signal from the inspiral and merger of BNS, NSBH and BBH leads to the accurate measurement of only the luminosity distance D L and the redshifted masses Mð1 þ zÞ. One goal of gravitational wave astronomy is to map the merger history of black holes and neutron stars through cosmic time. Accurate distance measurements are required not only to infer the redshift of the source, but also to obtain the mass of the source. For tests of cosmology, we require an independent measurement of the redshift. There are numerous methods proposed for this measurement, including identification of a host galaxy from EM counterpart; statistical association with a host galaxy [138] ; assumption of a narrow mass range of neutron stars in binaries [125] ; observation of postmerger features in the waveform [139] . In all cases, an accurate measurement of the distance (and consequently good source localization) is essential. A detailed investigation of these issues is beyond the scope of this paper. Nonetheless, it seems likely that a network of three or more detectors of comparable sensitivity will increase scientific returns from a future gravitational wave network.
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APPENDIX: OPTIMAL DETECTOR ORIENTATIONS
Holding the USA detector fixed at 0°we rotated the Central Africa and Australia detectors from 0°-90°(due to rotational symmetry of the polarizations all other rotations map to this basis). We optimize the ability of the ET and CE networks to observe both polarizations by choosing the orientation angles to maximize (A1). 
